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Abstract-Fractal analysis of experimentally recrystallized quartz grain shapes has been employed to study the 
relationship between the microstructures of dynamically recrystallized quartz grains and the deformation 
conditions such as temperature and strain rate. Samples used are quartz aggregates deformed under high 
temperature (8OO”C, 900°C and 1000°C) and high confining pressure (400 MPa). The fractal dimension is useful to 
quantify the shapes of the recrystallized quartz grain boundaries. At each set of conditions, the fractal dimension is 
determined as the slope of a log-log plot of the length of the grain boundaries (perimeters) against the grain size, 
calculated as diameters of circles having the same areas as the actual grains. The results show that the shapes of 
grains are self-similar, and the fractal dimensions, D, change systematically, being dependent on both temperature 
and strain rate. The skew of the grain boundary, defined as D- 1, and showing the degree of the serration, may be 
proportional to the logarithm of the Zener-Hollomon parameter that includes a component of the Arrhenius term. 
This relation indicates that strain rate can be calculated from the fractal dimension and the temperature. It may 
therefore provide a new paleo-strain rate meter for plastically deformed natural rocks. 0 1998 Published by 
Elsevier Science Ltd 

INTRODUCTION 

Experimental studies of the syntectonic recrystallization 
of polycrystalline quartz have been carried out to 
simulate the development of natural microstructures in 
metamorphosed quartzite and to understand their for- 
mation conditions (e.g. Tullis et al., 1973; Hara et al., 

1976; Masuda and Fujimura, 1981; Masuda, 1982; 
Karat0 and Masuda, 1989; Hirth and Tullis, 1992; 
Gleason et al., 1993). The analysis of recrystallized 
microstructures of deformed quartz rocks might provide 
a key to deduce the physical conditions such as 
temperature and strain rate. Observing the photographs 
of thin sections from samples that were deformed under 
high temperature and high pressure (Fig. la), we can 
define a systematic shape change of the grain boundaries 
in conjunction with the deformation conditions. The 

*Corresponding author. 
TPresent address: Institute of Geophysics, Polish Academy of 

Sciences, ul. Ksiecia Janusza 64,01-452, Warszawa 64, Poland. 

grain boundaries become more serrated as the tempera- 
ture is decreased and the strain rate is increased. They 
become more polygonal and linear as the temperature is 
increased and the strain rate is decreased. Masuda and 
Fujimura (198 1) defined two types of grain boundaries: 
S-type for the serrated shape and P-type for the 
polygonal shape. If the transition between the grain 
boundary types is gradual, we can establish a micro- 
structural parameter indicating the deformation condi- 
tions. The degree of serration of the grain boundaries 
would be connected with the deformation conditions 
(Jaoul et al., 1984; Louis et al., 1986). Thus, the shape of a 
grain boundary might be a useful microstructural 
parameter. 

In the study of hot-worked metal, fractal analysis was 
applied to quantify the shape of grain boundaries 
(Hornborgen, 1987; Tanaka and Iizuka, 1991). Hornbor- 
gen (1987) found an increase of fractal dimension with 
strain, in hot-worked tests of CuZnAl solid solution. 
Tanaka and Iizuka (1991) investigated the fractal grain 
boundary of hot-resistant alloys and found a relation 
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that the ratio of rupture ductility increased with the 
fractal dimension difference between serrated and 
straight grain boundary specimens. Recently, the fractal 
dimension of quartz grain boundaries has been suggested 
by Kruhl and Nega (1996) as a geothermometer. They 
investigated the fractal dimensions of quartz grain 
boundaries in different grades of metamorphic and 
igneous rocks, and found that the dimensions decrease 
with increasing temperature. The fractal dimension of 
grain shapes is considered to be statistically one of the 
measures of microstructure. When the fractal dimension 
of grain shapes is almost one, the grain boundaries 
display linear shapes, and when the fractal dimension 
shows a higher value, towards 2, the grain boundaries 
present a serrated figure. 

Because there is an extrapolation rule between tem- 
perature and time (so-called ‘temperature-compensated 
time’) in rheological studies (Shimamoto, 1987; Naga- 
hama, 1994), it is consequently natural to investigate the 
skew of the grain boundaries (departure from polygonal 
shapes) changing with the strain rate. Here, our objective 
is an investigation of the relation between grain shapes 
and deformation conditions, using fractal analysis for the 
quantification of the grain boundary shapes. We con- 
clude that fractal analysis of quartz rocks is a good 
indicator not only of temperature, but also of strain rate. 
In our study, we make use of three experimentally 
deformed samples for the analysis. Those experiments 
were done by Masuda and Fujimura (1981). We also 
make use of four previously unpublished experimental 
samples that were obtained using the same apparatus. 
The experimental conditions and the deformed micro- 
structures of those seven samples are shown in Table 1 
and Fig. 1. 

EXPERIMENTAL PROCEDURE 

A detailed account of the experimental apparatus is 
given in Masuda and Fujimura (1981). Only the impor- 
tant information is given below. 

A triaxial, constant-strain-rate apparatus was used for 
these high temperature-pressure experiments. Cylindri- 
cal specimens 10 mm in diameter and 8 - 18 mm in length 
were compressed uniaxially by a pair of inner pistons. 

One of these pistons was driven by an electric motor 
through a ball-screw actuator and a gear train. Axial 
compression by a pair of outer pistons through a 
hydraulic ram produced a confining pressure that was 
transmitted to the specimen through a pyrophyllite 
medium. The specimen was heated by a graphite tube 
heater surrounded by the pyrophyllite medium, and the 
specimen was sheathed with a thin pyrophyllite sleeve in 
order not to touch the graphite tube heater directly. The 
temperature of the specimen was measured by a NiAl- 
CrAl thermocouple at the center of the surface of the 
specimen. The temperature gradient in each specimen 
was less than 10°C mm-‘. For analyzing the micro- 
structures, we chose the central area (240 x 350 pm*) of 
thin sections cut parallel to the axial loading and passing 
through the center of the cylindrical specimens. 

The axial force was not measured on the Minas agate 
specimens (unpublished data) but only on the Okuto- 
dami agate specimens described in Masuda and Fujimura 
(1981). Measurement of the axial force was made by a 
load cell attached to the inner piston for axial deforma- 
tion. Because of the friction between the pressure medium 
and the pistons, there may be a difference of up to 
k 150 MPa between the true stress and that calculated 
from the reading of the axial force by the load cell. From 
the stress-strain curves of Masuda and Fujimura (198 l), 
the differential stress does not reach a steady state. As a 
result, we cannot discuss the power law relation between 
steady-state stress and average grain size due to inaccu- 
racy and lack of measurement of axial forces. 

The experimental conditions are summarized in Table 
1. All runs were conducted at 400 MPa confining 
pressure, at temperatures of 800- lOOO”C, and with a 
strain rate in the range 10p4- 10e6 ss’. The confining 
pressure and temperature lie in the stability field of B- 
quartz. Because temperature falls below 100°C within a 
few minutes after the end of runs, we can dismiss any 
recovery of grain boundary migration by post-deforma- 
tion annealing. The deformation was produced under wet 
conditions, because pyrophyllite releases H20 above 
approximately 520°C at 400 MPa of confining pressure, 
and the specimens themselves include H20. However, we 
did not quantify the water in the sample assembly. The 
Masuda and Fujimura (1981) experiments used Okuta- 
dami agate (Japan), whereas the others used Minas agate 

Table 1. Experimental conditions and results of microstructural analysis 

T (“C) log [1: (ss ‘)I Confining pressure 
(6) 

D N r Starting material 

(MPa) 

1000 -6 400 IO 1.03*0.07 
1000 -5 400 20 1.16kO.07 
800 -6 400 44 1.14_fO.O6 
800 -4 400 31 1.30_+0.07 
800 -5 400 40 1.22+0.07 
900 -4 400 30 1.26+0.07 
900 -6 400 11 1.05+0.07 

94 0.97 Okutadami agate* 
62 0.97 Okutadami agate* 

142 0.97 Okutadami agate* 
71 0.97 Minas agate 
75 0.96 Minas agate 
77 0.97 Minas agate 
68 0.96 Minas agate 

The confining pressure was solid pressure. Samples used are from Masuda and Fujimura (1981) (*), and previously unpublished data 
N is the number of quartz grains used in this fractal analysis, and D is the fractal dimension. 
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(Brazil). The optical structure of both starting materials 
was very similar, and any difference between the two was 
assumed to disappear through recrystallization during 
the pre-experimental heating, and grain growth. 

In our evaluation of the experimental procedure, the 
fractal analyses provide useful information for the 
relation of the shapes of recrystallized quartz grain 
boundaries and the deformation conditions. However, 
we need to develop an experimental methodology (e.g. 
quantifying water in specimens of pyrophyllite or 
measuring the differential stress) for further quantifica- 
tion of this relationship. 

THE METHOD OF FRACTAL ANALYSIS 

The method for determining a fractal dimension, D, is 
explained below. Because of the temperature gradient in 
specimens, we used only the center part of the specimens 
for the analysis. First, more than 50 grains, which 
displayed the grain boundaries clearly, were chosen. The 
boundaries were traced from a nearly central area 
(240 x 350 pm2) of the specimen from photographs of 
thin sections. To avoid tracing subgrain boundaries, we 
identified each grain boundary by revolving the stage of 
the optical microscope. The actual perimeters, P, and 
areas, A, of these traced grains were determined by 
imaging software measuring the number of pixels 
(10 pm = 160 f 5 pixels). The areas were measured to 
calculate the diameters, d, of circles having the same 
areas. By logPlog plotting the actual perimeters, P, on the 
vertical axis and the grain sizes, d, on the horizontal axis, 
the fractal dimension, D, is defined as the slope of a least- 
squares fitted line for each set of deformation conditions. 
The method is the same as for the area-perimeter relation 
for rain and cloud published by Mandelbrot (1977) and 
Lovejoy (1982). Thus, we can compare a perimeter length 
of the grain boundary, P, and a length of the circumfer- 
ence having the same area as a grain, n/A. This schematic 
explanation is illustrated in Fig. 2, and the expected 
relation is: 

PmdD. (1) 

Thus, the fractal dimensions are calculated by compar- 
ison of the grain diameters and the perimeters. Because 
the analysis is two-dimensional, 
photograph, the range of the 
15052. 

RESULTS 

using a thin section 
fractal dimension is 

Using the perimeter-diameter relation, a fractal 
dimension of grain shapes is obtained by the slope of a 
plot of log P vs log d. The results are shown in Fig. 3. The 
correlation coefficients show a value of more than 0.96, 
and the errors of fractal dimensions show a standard 

ta) m (b) ,_,A--, 

A \ / \ c Area / ! A \ 

Perimeter: P Length of circumference: & 

Fig. 2. The concept of the fractal analysis shown schematically. (a) A 
quartz grain having the area, A, and serrated perimeter, P. (b) Circle has 
the same area. A, and diameter, d. The actual length of the grain 
boundary, P, is longer than the circumference of the corresponding 
ctrcle. The circumference of the circle is proportional to the diameter, 
but this may not be true for the serrated boundary. Thus, one may 
characterize the complexity of serrated grain boundaries by comparing 

the perimeters with the diameter. 

error of less than kO.07. The shapes of the grain 
boundaries for the measured sizes are self-similar statis- 
tically. The dimensions increase with strain rate, i: (Fig. 
3a) and decrease with temperature, T (Fig. 3b), so the 
fractal dimension changes systematically with changing 
conditions. The fractal dimension therefore would be an 
indicator of a set of deformation conditions. 

If we can regard the fractal dimension as a parameter 
of the deformation conditions, then the relation between 
the fractal dimension, D, temperature, T (in K), and 
strain rate, b (s-l), is obtained by least-square linear 
fitting: 

D = C#I log G + $+ I .08, (2) 

where #=9.34x lo-’ {[log(s- ‘)I- ‘) and ~=6.44 x 10’ 
(K). From this equation, contours of the fractal dimen- 
sions can be drawn on a graph where axes are the 
deformation conditions, l/T and e (Fig. 4). Comparing 
each interval of the contour lines, errors of fractal 
dimensions analyzed on seven experiments (less than 
k 0.07) are larger than the intervals necessary to discuss 
the reliability of this equation. However, the increasing 
tendency of fractal dimension is clearly related to 
increasing values of the deformation conditions, l/T 
and t:. 

Because we measured the fractal dimension in a plane, 
the fractal dimension minus 1, D - 1, indicates the degree 
of serration of the grain boundary and is defined as the 
skew of the grain boundary. Equation (2) indicates that 
the skew of grain boundary, D- I, is approximately 
proportional to the Arrhenius terms, In i + Q/RT: 

D-1%@(lni+g). 

where Q is the activation energy for flow involving 
dynamic recrystallization at high temperature, R is the 
universal gas constant, and @ = 0.04 {[ln(ss ‘)I ~ ‘}. From 
equation (2) and this Arrhenius term [equation (3)], we 
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Fig. 3. Measured perimeters, P, of the grain boundaries plotted against grain size, d. Least-square linear fits of the perimeters 
against the diameters on the log-log plot are shown, and the fractal dimensions are given by the slopes of the lines. r is the 
correlation coefficient, and Nis the number of grains used in the analysis. The error is determined as the standard deviation. (a) 
Comparison of the fractal dimensions with the strain rates increasing at a constant temperature, 800°C. (b) Comparison of the 

fractal dimensions with the temperatures decreasing at a constant strain rate, 1 OK6 (s- ‘). 
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can calculate the activation energy of the deformation 
and/or recrystallization of quartz aggregates in this set of 
experiments; from which Q = 132 (errors are + 45 and 
- 36) kJ mol- ’ (Q = Rp In 10 /4). The errors are required 
from standard errors of 4 and p. Although we cannot 
discuss the deformation mechanics from the value of the 
activation energy because structures of dislocations were 

-6.5 -6.0 -5.5 -5.0 -4.5 -4.0 -3.5 

log [ E’(sec-I)] 

Fig. 4. The relation between fractal dimension and the deformation 
conditions. The values shown are the fractal dimensions at each 
experimental condition (marked by the spots). The contour lines are 
determined from equation (2), from the fractal dimensions of the seven 

results by multiple linear regression. 

not observed, this value of the activation energy of 
recrystallizing quartz agrees with some other experiments 
on wet quartzite deformed by dislocation creep (e.g. 
Koch et al., 1989; Gleason and Tullis, 1995). Here, we 
made an assumption that the amounts of water are 
approximately similar for each sample that we used. 
From the results of Post et al. (1996), we also assume that 
the amount of water in the specimens can only affect the 
deformational stress and the fine detail of the dislocation 
creep regime in the specimens that we studied. 

DISCUSSIONS 

Applying the fractal concept to quartz grain bound- 
aries, the fractal dimension may be a good indicator of 
strain rate and/or temperature, allowing the inference of 
one if the other is known. However, there are some 
problems to be discussed. 

This fractal approach to understanding the dynamics 
of the recrystallized condition is based on the morphol- 
ogy of the grain boundaries, and does not involve the 
mechanism of recrystallization. Masuda and Fujimura 
(1981) also defined the P-type and S-type optical grain 
shapes morphologically. Using optical and TEM obser- 
vations in experimentally deformed quartz aggregates, 
Hirth and Tullis (1992) and Gleason et al. (1993) 
determined three regimes of dislocation creep mechani- 
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tally. They are dependent on the relative rates of grain 
boundary migration, dislocation climb and dislocation 
production. At lower temperatures and higher strain 
rates (named regime l), the strain-induced grain bound- 
ary migration accommodates the recovery resulting from 
too great a rate of dislocation production. With an 
increase in temperature and a decrease in strain rate 
(regime 2) dislocation climb causes recovery accommo- 
dated by progressive subgrain rotation. With even higher 
temperatures and lower strain rates (regime 3) dynamic 
recrystallization occurs by both dislocation climb and 
migration recrystallization. Comparing the optical 
microphotos of Fig. I(a) with the results of Hirth and 
Tullis (1992) a transition from S-type to P-type would 
correspond to the transition from regime 2 and/or regime 
3 to the regime where the rate of grain boundary 
migration becomes greater than that of dislocation 
climb. The core and mantle structures, which show 
regimes 2 and 3, are observed at a lower temperature 
(800°C) and higher strain rate (lop5 and 10K4s~ ‘). 
Without TEM observation for our samples, we cannot 
distinguish exactly which mechanics correspond to 
regime 2 or 3 (indicating the core and mantle structures) 
of our samples. If this assumption is true, the estimated 
activation energy of dislocation creep, Q = 132 (errors are 
+45 and -36) kJ mol-‘, from equation (3) might 
correspond to that of dislocation climb and/or migration 
recrystallization. Experiments in which the amount of 
water in the specimens is controlled and the differential 
stress is measured will clarify this point in the future. 

The empirical Dorn equation has long been used to 
describe the results of steady-state creep tests on 
materials at high temperature. It is a constitutive law 
given as 

C 0: #exp(-Q/RT), (4) 

where CJ is the differential stress and IZ is a constant 
defining the stress sensitivity of the strain rate. The 
differential stress depends on the Arrhenius terms and 
can be generalized as 

F(g) c( i; exp(Q/RT) = 2, (5) 

where Z is generally called the Zener-Hollomon para- 
meter (Poirier, 1985; Sakai, 1989). From equation (4) the 
Zener-Hollomon parameter is a function of the differ- 
ential stress. The differential stress reflects the micro- 
structure (Poirier, 1985) that we recognized as the grain 
shapes in this case. The Zener-Hollomon parameter also 
gives an extrapolation rule of temperature-compensated 
time between experimental conditions and nature (e.g. 
Shimamoto, 1987; Nagahama, 1994). Now, from equa- 
tions (3) and (5) the relation between the fractal 
dimension and the Zener-Hollomon parameter can be 
described as 

D - 1 c( In Z. (6) 

As both terms, D and Z, can be defined by the structural 
parameter, the comparison between them is reasonable. 

1.41 I , , , , , , , 

1.3 - 

1.2 - 

Q 

1.1 - 

1.0 - 
D = C? In Z + 1.08 

Q = 0.04 (see-l) 
r = 0.98 

0.91 ’ ’ ’ ’ ’ ’ ’ ’ 
-2 -1 0 1 2 3 4 5 6 7 

In [ Z (see-i)] 

Fig. 5. The fractal dimension, D, plotted against the Zener-Hollomon 
Parameter, Z, on a semi-log plot. The activation energy estimated, Q, is 

132 kJ mol ‘. r is the correlation coefficient. 

It is also clear from Fig. 5 that the fractal dimension as a 
indication of grain boundary shape relates to the 
Arrhenius term or the Zener-Hollomon parameter. The 
Zener-Hollomon parameter at constant stress deforma- 
tion depends on the stress sensitivity exponent n and on 
the fractal dimension of the grain shape (the skew of 
grain boundaries), as has already been pointed out by 
Nagahama (1994). 

Gleason et al. (1993) deformed a series of flint samples 
with the progressive development of strain under con- 
stant conditions (900°C and 1OK5 ss’ strain rate). With 
increasing strain (14 - 75%) the optical microstructures 
of deformed quartz [see Gleason et al. (1993), fig. 61 
changed the grain boundary shapes from P-type to S- 
type. In that case, the fractal dimension would increase 
with strain. Hornborgen (1987) also observed that the 
fractal dimensions of brass alloy grain boundaries 
developed progressively with plastic deformation. In 
this study, however, we did not detect any change of the 
fractal dimensions with increasing strain. Further 
research on the development of the fractal dimension 
with strain must be carried out. 

Last, we must discuss the extrapolation of this theory 
to nature. There are some difficulties with the application 
of the method, even apart from the accuracy of the 
experiments. Comparing nature with the laboratory, the 
deformation conditions such as temperature, pressure 
and strain rate are not constant during metamorphism, 
and grain boundary serration will tend to be deleted by 
post-deformation annealing. Most high-temperature and 
high-pressure deformation experiments on quartz aggre- 
gates have been made in the j-quartz stability field. 
However in nature, rock deformation usually occurs in 
the cc-quartz stability field. If the activation energy for 
dislocation creep changes at the CD transition, the slope 
of the fractal contour lines in Fig. 4 must change during 
natural metamorphic conditions. Additionally, as 
implied by Hirth and Tullis (1992) the activation energy 
might change between each regime of dislocation creep. 
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Because we have only seven experimental samples, more 
detailed verifications could not be made at present. 

CONCLUSIONS 

From the relationship between the perimeters and 
diameters of quartz grains, the shapes of experimentally 
deformed grains show statistical self-similarities at each 
set of deformation conditions. The fractal dimension 
systematically increases with increasing strain rate and 
decreasing temperature. We propose the fractal dimen- 
sion as a new paleo-strain rate meter for plastically 
deformed rocks, provided that temperature is known 
from other data, such as metamorphic mineral assem- 
blage. The relation between the fractal dimension and the 
Arrhenius terms is: 
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